
Fifty Integrals
(for those who play integration as a sport)

Suraj Gavhale
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These problems are closed, conditional, open, formal, or elementary. There’s no order of difficulty.

Warning. Some are exceptionally hard.

Evaluate, regularize, or characterize as appropriate. Principal branches are used unless stated
otherwise. The symbols [urvs],

∫ (q), {·}p, F. p., and det′ denote coefficient extraction at u = v = 0,
the Jackson integral, the p-adic fractional part, Hadamard finite parts at the displayed singularities,
and omission of zero modes. Also Arg ∈ (−π, π]; limits with ε ↓ 0 are Abel limits.

Solutions, corrections, and serious questions: suraj@globaltindia.com. Please have enough
courtesy to avoid things that are extra frivilous. Here you go:

1. In(x) =
∫

tan x
(
a1 +

√
a2 +

√
· · ·+

√
an + b cosx

)ρ
dx, n ∈ N

2. I =
∫
xm(a+ bxn)peqxr logk x dx, (m,n, p, r) ∈ Q4, k ∈ N0, a, b, q ∈ C

3. I =
∫ ∞

0
xs

p∏
j=1

Jνj (ajx)
q∏

k=1
Kµk(bkx) dx, aj , bk > 0

4. Iq(λ) =
∫ (q)

[0,1]n
Pλ(x; q, t)

n∏
i=1

xα−1
i

(qxi; q)∞
(qβxi; q)∞

∏
i<j

x2τi
(q1−τxj/xi; q)∞
(qτxj/xi; q)∞

dqx, 0 < q < 1, t = qτ , τ > 0

5. Ipqr(ω) = F. p.
∫ 1

0

logp x logq(1− x) logr(1− ωx)
x(1− x) dx, (p, q, r) ∈ N3

0, ω ∈ C \ [1,∞)

6. Impqr =
∫ 1

0

logp x logq(1− x)
(1 + x+ · · ·+ xm−1)r dx, m ≥ 2, (p, q, r) ∈ N2

0 × N

7. Im =
∫ 1

0
x−x(1− x)−(1−x) logm x

1− x
dx, m ∈ N0

8. I(α, β, λ) =
∫ 1

0
x−xα(1− x)−λ(1−x)β dx, (α, β, λ) ∈ R3

>0

9. Inm = lim
ε↓0

∫ ∞

0
e−εx

(sin x
x

)n

logm x dx, (n,m) ∈ N× N0

10. I2,2(a, b, c, d) = [u2v2] 1
2πi

∫ σ+i∞

σ−i∞
Γ(a+ u+ s)Γ(b− u+ s)Γ(c+ v − s)Γ(d− v − s) ds,

a, b, c, d > 0, −min(a, b) < σ < min(c, d)

11. Im(s;α, β, γ) =
∫ ∞

0

xs−1 logm(1 + xα)
(1 + xβ)γ

dx, m ∈ N0, α, β, γ > 0, −mα < ℜs < βγ
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12. I = lim
ε↓0

∫ ∞

1
x−σ logm x e−εxα+i(xα+λxβ) dx, m ∈ N0, σ, λ ∈ R, α, β > 0, α/β /∈ Q

13. In(s;a) = lim
ε↓0

∫ ∞

0
xs−1e−εxn+i(xn+an−1xn−1+···+a1x) dx, n ≥ 2, a ∈ Rn−1, ℜs > 0

14. I =
∫ 1

0

log Γ(x) log Γ(1− x)
x(1− x) dx

15. Imnr = F.p.
∫ ∞

−∞

ψ(m)(a+ ix)ψ(n)(b− ix)
(x− c)r dx, (m,n, r) ∈ N2

0 × N, a, b > 0, c ∈ R

16. Im(a, b; f) =
∫ ∞

0

f(ax)− f(bx)
x

logm x dx, a, b > 0, m ∈ N0, f ∈ S(R+)

17.
∫
x dx (intermission)

18. I =
∫ 1

0
lim

N→∞

√
x+

√
x2 +

√
· · ·+

√
xN dx

19. IN (t;A,B) =
∫
U(N)

e tTr(AUBU†) dU,

A = diag(a1, . . . , aN ), B = diag(b1, . . . , bN ),
a,b ∈ RN , t ∈ C, dU(U(N)) = 1

20. IN (g) = 1
N !

∫
RN

e−
∑N

j=1(x
2
j
/2+gx4

j
) ∏
1≤i<j≤N

(xi − xj)2 dNx, N ∈ N, g > 0

21. IN (λ) =
∫
U(N)

exp
[
λ

2 Tr(U + U †)
]
dU, N ∈ N, λ ∈ R, dU(U(N)) = 1

22. IN (g) = 1
N !

∫
RN

N∏
j=1

( dxj
2π e−x2

j
/(2g)

) ∏
1≤i<j≤N

(
2 sinh

xi − xj
2

)2
, N ∈ N, g > 0

23. I =
∫
an da (this is insane)

24. In =
∫
[0,1]3

[x(1− x)y(1− y)z(1− z)]n

[1− (1− xy)z]n+1 dx dy dz, n ∈ N0
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25. I ′abc =
∫ ∞

0
tcI0(t)aK0(t)b dt, a, b ∈ N0, b > a, ℜc > −1

26. I(z) =
∫
[0,1]4

dx1 dx2 dx3 dx4
1− 256z

∏4
j=1 xj(1− xj)

, 0 ≤ z ≤ 1

27. Ip(k; f) =
∫
Zn
p

exp
(
2πi{p−kf(x)}p

)
dµ(x),

p prime, k ∈ N, f ∈ Zp[x1, . . . , xn], µ(Zn
p ) = 1

28. Ipq =
∫ 1

0
logpG(1 + x) logq G(2− x) dx, (p, q) ∈ N2

0

29. I =
∫
[0,1]3

log2(1− xyz)
(1− xy)(1− yz) dx dy dz

30. I =
∫
[0,1]4

log(1− x1x2) log(1− x3x4)
1− x1x2x3x4

dx1 dx2 dx3 dx4

31. I =
∫ ∞

0

log4 x
(1 + x2)(1 + x4) dx

32. I =
∫ π/3

0
arccos

(1− cosx
2 cosx

)
dx

33. I =
∫ 1

0

log(1 + x) log(1− x)
x(1 + x2) dx

34. I(α, β, a, b, n,m) =
∫ 1

0
xα(1− x)β logn(ax) logm(b(1− x)) dx,

α, β > −1, a, b > 0, (n,m) ∈ N2
0

35. I =
∫ 1

0

log2 x log2(1− x)
1 + x+ x2

dx

36. I =
∫
x≥0, y≥0
x+y≤1

dx dy
xy + y(1− x− y) + x(1− x− y) + xy(1− x− y)

37. I3 =
1
π3

∫
[0,π]3

dx dy dz
1− 1

3(cosx+ cos y + cos z)
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38. I =
∫

x,y,z≥0
x+y+z≤1

dx dy dz√
xyz(1− x− y − z) [1− 256xyz(1− x− y − z)]

39. Iλ(α, β, γ) =
∫
[0,1]n

P
(1/γ)
λ (x)

n∏
i=1

xα−1
i (1− xi)β−1 ∏

1≤j<k≤n

|xj − xk|2γ dnx,

α, β, γ > 0, λ ⊢ m, ℓ(λ) ≤ n

40. I =
∫ ∞

0

log(1 + e−2πx)
1 + x2

dx

41. I =
∫
[0,2π]n

∏
j<k

|eiθj − eiθk |2β
n∏

j=1

R∏
r=1

|eiθj − eiφr |2αreiκr Arg(eiθj−eiφr ) dnθ,

β > 0, κr ∈ R, ℜαr > −1
2 , φr ̸≡ φs (mod 2π) (r ̸= s)

42. {G(1),Lmin}, G(λ) =
∫ 1

0

∫ 1

0

dx dy√
x(1− x)y(1− y)(1− λxy)

,

0 ≤ λ ≤ 1, Lmin ∈ Q(λ)⟨∂λ⟩,
LminG = 0, Lmin monic, minimal

43. I = 1
(2π)2

∫ 2π

0

∫ 2π

0
log |1 + 2 cos θ + 2 cosφ| dθ dφ

44. ID(Q2) =
∫
R2D

dDk1 dDk2
πD(k21 +m2

1)(k22 +m2
2)((p− k1 − k2)2 +m2

3)
,

p2 = Q2 > 0, (m1,m2,m3) ∈ R3
>0, 0 < ℜD < 3

45. (under.... construction)

46. I =
∫ ∞

0

∫ ∞

0

dx dy
xy + (1 + x+ y)(x+ y + xy)m2 , m > 0

47. I =
∫ 2

−2

∫ 2

−2
log2 |x− y|

√
4− x2

2π

√
4− y2

2π dx dy

48. I =
∫ ∞

0

arctan(x) log(1 + x+ x2)
x(1 + x2) dx

49. I =
∫ π/2

0

log
(
1 +

√
sin x cosx

)
√
sin x+

√
cosx

dx

50. I5
(
Q2;m1, . . . ,m6; ε

)
= e5γEεµ10ε

∫
R5D

5∏
r=1

dDkr
πD/2[ 5∏

r=1
(k2r +m2

r)
](p− 5∑

r=1
kr

)2

+m2
6

 ,

D = 2− 2ε, |ε| ≪ 1, µ > 0, p2 = Q2 > 0, (m1, . . . ,m6) ∈ R6
>0
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